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Abstract
We study the multiclass online learning problem where a forecaster makes a sequence of
predictions using the advice of n experts. Our main contribution is to analyze the regime
where the best expert makes at most b mistakes and to show that when b = o(log4 n), the
expected number of mistakes made by the optimal forecaster is at most log4 n + o(log4 n).
We also describe an adversary strategy showing that this bound is tight and that the worst
case is attained for binary prediction.
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1 Introduction
We study the multiclass online learning problem where a forecaster is trying to make a sequence
of predictions, such as whether the stock market will go up or down each day. Every morning, for
T days, he solicits the opinions of a number n of experts, who each make up or down predictions.
Based on their predictions, the forecaster makes a choice between up and down, then buys or
sells accordingly. The goal of the forecaster is to make as few mistakes as possible over time given
that the sequence of outcomes and the predictions of the experts may be generated adversarially.
This is a classic learning problem studied in a large body of literature originating in game
theory with the development of fictitious play [Bro49, Rob51], Blackwell approachability [Bla56],
and Hannan consistency [Han57], and continued in learning theory under the paradigm of com-
bining expert advice [LW94, Vov90].
Perhaps the simplest version of online learning with expert advice is the binary prediction
problem, which was illustrated through the stock market scenario. A careful analysis of this
problem was done in [CBFH+97], which gave bounds on the expected minimax loss of the
forecaster and identified log4(n) as the leading term in the low error regime where the best expert
can make at most o(log(n)) mistakes. Many follow-up papers studied binary prediction from
different angles, such as [CBFHW96], which designed an algorithm called “binomial weights”,
and [ALW06], which gave a formulation based on continuous experts that upper bounds the
discrete variant.
At the other end of the spectrum there is the hedge setting, a generalization of the binary
prediction problem where the forecaster predicts an unknown sequence of elements (points) from
an outcome space using the predictions of the experts as inputs, after which nature reveals the
next outcome. Then the forecaster incurs a loss that is a function of the point it predicted and
the correct point chosen by nature. One of the best known approaches is the Weighted-Majority
algorithm [LW94], which assigns some initial weights to the experts, follows the advice of each
expert with probability given by its weight, and then updates the weights of the experts in every
round depending on the quality of the predictions. The average number of mistakes made by the
forecaster when using such an algorithm can be bounded by the number of mistakes made by the
best expert plus a term of
√
log n/T . More generally, the multiplicative weights update method
has been studied in depth and discovered independently in several fields [AHK12, FS97, You95].
Multiplicative weights gives asymptotically optimal bounds when both n and the horizon go to
infinity [CBFH+97].
In this paper we study multiclass prediction from expert advice, which can be seen as an
intermediate problem between binary prediction and the general hedge setting. An example is
predicting (or recognizing) a sequence of digits and has applications such as discrete time signal
prediction and choosing portfolios with bounded volatility [Chu94]. The multiclass prediction
problem was studied in various other works such as [FS97], which bounded its loss using the
general hedge framework, and, more generally, for margin classifiers [ASS01] and with bandit
feedback [KSST08, HK11, CDK09, CG13].
We briefly survey the previous work on binary prediction as our techniques generalize an
approach in [KP17] for binary prediction with a perfect expert. A basic scenario in binary
prediction is when at least one of the experts is perfect, that is, predicts correctly every day,
but the forecaster does not know which one it is. In this case the problem is to understand how
the forecaster should predict in order to minimize the expected number of mistakes (i.e. loss)
that he makes in any given number of days. A first known approach is to follow the majority
of the leaders (i.e. experts that made no mistake so far), which guarantees the forecaster never
makes more than log2 n mistakes: each day the forecaster either predicts correctly or eliminates
at least half of experts and, clearly, never eliminates the perfect expert. This analysis is tight
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when the minority is right each time and has size nearly equal to that of the majority.
However, an approach known as following a random leader yields a slightly better guarantee
– see chapter 18 in [KP17] for this analysis. For any n, the loss of the forecaster is at most
Hn − 1 in expectation, and this analysis is tight when the number of rounds is greater than n.
The optimal approach for when the number of experts n is a power of two turns out to be that
of using a function of the majority size, where the leaders are split on their advice in proportion
(x, 1 − x) with x ≥ 1/2, follow the majority with probability p(x), where the probability is
given by p(x) = 1 + log4 x. This algorithm gives an expected loss of at most log4 n [KP17] and
opens up the question of obtaining sharp bounds for the loss beyond the binary prediction with
a perfect expert scenario. We will be interested in the problem where there is an upper bound
b on the number of mistakes made by the best expert in the set and the number of choices is
larger than two.
1.1 Our Results
We study the multiclass prediction problem from expert advice, where there is an infinite se-
quence of choices (e.g. digits) drawn from a finite set, revealed one at a time, and a forecaster
trying to take the correct decision in each round. After taking its decision, the forecaster learns
what the correct decision was and incurs a unit cost for each mistake. The forecaster’s goal is
to minimize the number of mistakes (loss) made in expectation.
The forecaster has access to a set of n experts that make predictions on what the correct
choice will be and we know that the best expert in this set makes at most b = b(n) mistakes.
The question is understanding how the forecaster should aggregate the opinions of the experts
in order to predict and minimize his expected loss (number of mistakes) over time. We make
no assumptions on how the sequence is generated (e.g. it may be chosen adversarially adaptive)
and without loss of generality, each choice in the sequence is chosen from the set [d] = {1, . . . , d},
where d ≤ n.1
Our main result is to give upper and lower bounds for this problem, which are matching
within a small additive error. In the following, unless specified otherwise, we refer to the fore-
casting problem where at the beginning there are n experts that made zero errors so far.
Theorem 1 (Upper Bound). Consider a forecaster with n experts, where the best expert makes
at most b = b(n) mistakes. Then the expected loss of the optimal forecaster is at most
log4 (n) + b · [log4 (log2 (n+ 1)) + 4] + 1.
We also give a tighter upper bound when 1 ≤ b ≤ ln (n)/2, which is matching the lower
bound within an additive term of O(b).
Theorem 2 (More Precise Upper Bound). Consider a forecaster with n experts, where the best
expert makes at most b = b(n) mistakes. For any 1 ≤ b < ln (n)/2, the expected loss of the
optimal forecaster is at most
(1 + 2b/ ln(n)) (log4 (n) + b · log4 (log2 n/b)) .
Our result shows in particular that in the regime where the loss of the best expert is small
enough (i.e. o(log4 n)) the leading term in the expected loss of the forecaster remains log4 n.
The upper bound also implies an algorithm for the forecaster.
The best previously known upper bounds come from several prior works. First, the classic
paper on how to use expert advice by [CBFH+97] also provides an upper bound on the expected
1This is w.l.o.g. since the number of different opinions is at most n.
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loss when the maximum loss of the best expert is known apriori. This bound has the correct
leading term of log4(n) as we also do, but the second order term is not explicit and the analysis is
only done for binary prediction. Second, a bound on our multiclass online learning problem can
also be obtained by setting an appropriate learning rate in the multiplicative weights method,
which for any η > 0 has a regret 2 of at most η·b+lnn
1−e−η (see Theorem 2.4, Chapter 2, [CBL06]).
For our setting, optimizing over η, implies that the upper bound on the expected loss given by
multiplicative weights is: lnn + b · ln ( e·lnnb ) + O ( b·(lnR)2R ), for R > e and 1 ≤ b ≤ lnnR . This
bound is a constant factor away from the optimum, since the correct leading term is log4(n).
In addition to the upper bounds, we also describe a strategy for the adversary that yields
the following lower bound.
Theorem 3 (Lower Bound). Consider a forecaster with n experts, where the best expert makes
at most b = b(n) mistakes. If b(n) ≤ blog nc/5, then any algorithm used by the forecaster has in
the worst case an expected loss of at least
0.5 · blog2 nc+ 0.5 ·
⌊
log2
(blog2 nc
b
)⌋
− 0.5 · b.
Note the difference between the upper and lower bound is O(b). Our upper bound is obtained
by establishing first an abstract theorem showing that any function that satisfies three conditions
is an upper bound on the expected loss of a forecaster that plays optimally against a worst case
adversary. Every such function also gives the forecaster a strategy for playing in such a way that
its expected loss is upper bounded by f . In particular, this can be used to obtain a polynomial
time algorithm for estimating the expected loss from any starting configuration.
Our abstract theorem is given next and is reminiscent of the method for deriving online
learning algorithms from a minimax analysis (for previous work using this type of approach, see,
e.g., [ALW06, RSS12]).
We will denote a state by ~k = (k0, . . . , kb), where there are ki experts that made i mistakes
so far. The experts are divided on the prediction of the next choice so that for each option j
there is a vector ~kj = (kj0, . . . , k
j
b) to denote that k
j
i experts with i mistakes so far vote for j
next. The partition given by the vectors ~k1, . . . ,~kd is said to be a decomposition. For each j, we
denote the successor state obtained if option j turns out to be correct by a (b+ 1)-dimensional
vector sj = sj(~k1, . . . ,~kd), so that the value at the first coordinate is k
j
0, while each coordinate
i > 1 has value kji +
∑
v 6=j k
v
i−1.
Theorem 4 (Abstract Theorem). Let f : Nb+1 \ {(0, . . . , 0)} → < be any function that satisfies
the properties
1. Boundary: f(0, . . . , 0, 1) ≥ 0
2. Decomposition property: for every state ~k, subset A ⊆ [d] of a ≥ 1 choices, and decompo-
sition (~k1, . . . ,~kd)
f(~k) ≥ a− 1
a
+
1
a
·
∑
i∈A
f(~si)
where ~si is the successor state if choice i is correct.
2The regret is defined as the difference between the expected loss of the forecaster and the loss of the best
expert
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Then the forecaster has a strategy ensuring the expected loss in the worst case is upper
bounded by f as follows: from any state ~k, observe the decomposition given by the opinions
of the experts and the successor states ~s1, . . . , ~sd. Then predict choice i with probability pi =
max{0, 1 + f(~si)− f(~k)} for all i < d and choice d with probability pd = 1−
∑
i<d pi.
We also obtain a recursive algorithm for computing the minimax loss by iterating over all
the possible subsets A of choices and decompositions.
Theorem 5 (Exact Algorithm). The function ` that represents the minimax loss of the forecaster
is given by the following recursion:
`(~k) = max
A,~k1,...,~kd
a− 1
a
+
1
a
·
∑
i∈A
`(~si)
where ~si is the successor state of decomposition (~k1, . . . ,~kd) if choice i is correct and the base
case is `(0, . . . , 0, 1) = 0. This gives an algorithm for computing the exact value of `.
An example of the loss function for the two dimensional case with b = 1 mistakes is given in
the next figure.
Figure 1: Minimax loss function for b = 1 mistakes starting from state (i, j), for i, j = 0 . . . 80.
Finally, we compute the exact value for the expected loss in the case of a perfect expert.
This value is exactly log4 n when n is a power of 2 and is obtained by interpolating between the
values of powers of two otherwise.
Theorem 6 (Perfect Expert). The expected loss of a forecaster with n experts, one of which is
perfect, is
`(n) = 0.5 ·
(
k − 1 + n
2k
)
where k is such that 2k ≤ n < 2k+1.
1.2 Further Related Work
The online learning problem can alternatively be seen as a zero-sum game between the learner
(forecaster) and Nature (the adversary). The connection between online learning and games has
been explored in a variety of settings, such as calibrated learning and convergence to correlated
equilibria [FV97], online convex optimization games [ABRT08, AABR09] , where minimax du-
ality is exploited to obtain bounds on regret, online linear optimization games [MO14] where
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the minimax optimal regret is characterized together with the minimax optimal algorithm and
adversary, and drifting games [MS10], where a group of experts make continuous predictions
and there is a known upper bound on the number of mistakes that the best expert can make.
The expert prediction framework has been used to study more generally problems in online
convex optimization [HKKA06, Zin03], where a decision-maker makes a sequence of decisions
(points in Euclidean space), so that after each decision a cost function is revealed. The connection
between Blackwell approachability and online learning was also analyzed more recently, such as
in [ABH11] which showed an equivalence between the two notions. Many other online learning
problems for various notions of regret have been studied (see, e.g. [BK99, ABR07, RST11,
GPS16, RST10, DTA12, HKW95, AWY08, Koo13], the survey on online algorithms by [Blu98],
and the books on machine learning [SSBD14, MRT12, CBL06] and (algorithmic) game theory
[KP17, NRTV07]).
2 Preliminaries
We are given a set of n ≥ 1 experts and an upper bound b = b(n) on the number of mistakes
that the best expert can make. The exact value of the number of mistakes made by the best
expert will only be used in the lower bound analysis. We will refer to nature as the adversary,
which will set the predictions of the experts and correct choice in each round. Nature’s strategy
may be randomized.
We will define the current state to keep track of the number of experts with at most b
mistakes so far.
Definition 1 (State). For any number of mistakes b, the current state is given by a (b + 1)-
dimensional vector ~k = (k0, . . . , kb), so that ki represents the number of experts that made i
mistakes so far.
Given any history H of play, consisting of all the rounds, with the strategies and outcomes
for both forecaster and nature (adversary) for each round, we denote by `(H) the expected loss3
made by an optimal forecaster playing against an optimal adversary when the history so far is
given by H.
Definition 2 (Decomposition). Given a state ~k = (k0, . . . , kb), a decomposition (~k1, . . . ,~kd) of
~k is a partition of the experts into vectors ~kj = (kj0, . . . , k
j
b), where k
j
i experts with i mistakes so
far vote for choice j next, for each i ∈ {0, . . . , b}, and ∑dj=1 kji = ki.
Note that if the adversary splits the experts using a decomposition (~k1, . . . ,~kd) and decides
in some arbitrary way the next choice, then there are only d possible states that can be reached
from ~k in one round of prediction, depending on which choice turns out to be the correct one.
Definition 3 (Successor State). A state ~m = (m0, . . . ,mb) is a successor of a state ~k =
(k0, . . . , kb) if there exists a decomposition (~k1, . . . ,~kd) of ~k with the property that ~m = ~sj(~k1, . . . ,~kd)
for some j ∈ [d], where
• ~sj = ~sj(~k1, . . . ,~kd) is the next state from ~k if choice j is correct,
• the first coordinate of ~sj is kj0, and
• the value at each other coordinate i > 1 of ~sj is kji +
∑
v 6=j k
v
i−1.
3The expected loss is the expected number of mistakes.
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In other words, a state ~m is a successor of ~k if ~m is reachable from ~k in one round of
prediction. More generally, we can define reachability using sequences of successors.
Definition 4 (Reachable State). A state ~r is reachable from state ~k if there exists a sequence
of states ~s1, . . . , ~st so that si+1 is a successor of si for each i = 1 . . . t− 1 and ~st = ~r.
The definitions are illustrated through the next example.
Example 1. Let the state be ~k = (3, 1) with d = 2 options. Suppose the decomposition of the
experts is ~k1 = (1, 0)—i.e. option 1 is voted by one expert with zero mistakes so far and zero
experts with one mistake so far—and ~k2 = (2, 1). Then if the correct choice turns out to be
• 1: the successor state is ~s1(~k1,~k2) = (k10, k11 + k20) = (1, 2).
• 2: the successor state is ~s2(~k1,~k2) = (k20, k21 + k10) = (2, 1).
3 Properties of the Optimal Loss
In this section we identify several basic properties of the minimax loss function.
Recall that a state ~k was defined to encode only the experts with at most b mistakes so far.
The next lemma shows that the loss function is independent of any other details of the history
beyond the current state since both the forecaster and the adversary have a strategy ensuring
the same expected loss.
Lemma 1. Let H be any history. Suppose the current state is ~k = (k0, . . . , kb), where ~k 6=
(0, . . . , 0, 1). Then
`(H) = max
~p,(~k1,...,~kd)
1−max
i∈[d]
pi +
d∑
j=1
pj · `
(
~sj
(
~k1, . . . ,~kd
)) (1)
where (~k1, . . . ,~kd) is a decomposition of the experts and ~p = (p1, . . . , pd) a probability vector.
Proof. Consider the adversary’s strategy of selecting a probability vector ~p = (p1, . . . , pd), a
decomposition (~k1, . . . ,~kd) of the experts with at most b mistakes, and choosing each option
i ∈ [d] with probability pi.
The expected loss incurred by the forecaster when deterministically choosing a fixed option
i is 1 − pi +
∑d
j=1 pj · `
(
~sj
(
~k1, . . . ,~kd
))
. Thus by predicting the choice i with the highest
probability of appearing next, the forecaster can ensure its expected loss is at most
1−max
i∈[d]
pi +
d∑
j=1
pj · `
(
~sj
(
~k1, . . . ,~kd
))
Note this is true for any history compatible with the current state.
Since the adversary may have better strategies available, we obtain that `(H) ≥ 1−maxi∈[d] pi+∑d
j=1 pj · `
(
~sj
(
~k1, . . . ,~kd
))
. The adversary’s problem is then to select the worst case prob-
ability vector and decomposition, given that the forecaster will only predict from choices that
minimize its loss. By induction on the state, the required identity gives the value of the zero-sum
game between the forecaster and adversary.
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From now on, we will override notation and write `(~k) to denote the minimax loss for any
history H compatible with the state ~k.
For the one dimensional problem corresponding to the case of a perfect expert we identify the
exact expression for the loss function. This expression will be used as a base case for establishing
the structure of the optimal decomposition for any number d of options.
Theorem 7 (Perfect Expert). The expected loss made by a forecaster with n experts, one of
which is perfect, is
`(n) = 0.5 ·
(
k − 1 + n
2k
)
where k is such that 2k ≤ n < 2k+1.
In order to prove the theorem we will develop several lemmas.
Lemma 2. Let f : N→ < be given by f(n) = 0.5 · (k − 1 + n
2k
)
, where k is such that 2k ≤ n <
2k+1. Then the function f satisfies the properties:
• f(n) = 0.5 + 0.5f (bn/2c) + 0.5f (dn/2e) for all n ∈ N.
• For each n, a, n1, . . . , na ∈ N such that n =
∑a
i=1 ni with ni ≥ 1 for all i,
f(n) ≥ 1− amax
i=1
pi +
a∑
i=1
pi · f(ni)
for every probability vector (p1, . . . , pa).
Proof. We show the inequality by induction on a and n. For a = 2, by separating the case of n
even and odd, we obtain that the function f satisfies the identity
f(n) = 0.5 + 0.5f (bn/2c) + 0.5f (dn/2e) .
Moreover, it can be verified that this function satisfies the inequality f(n) ≥ 1−max{p1, p2}+
p1 · f(n1) + p2 · f(n2) for all n1, n2 ≥ 1 with n = n1 + n2 and probability vector (p1, p2).
Assume it holds for a − 1. If n = a, then ni = 1 for all i, so f(ni) = 0 for all i and the
inequality follows by the definition of f and the fact that 1−maxai=1 pi ≤ 1−1/a. If there exists
i such that ni = 1, then this reduces the value of a and follows from the induction hypothesis.
Otherwise, ni > 1 for all i.
For each i = 1 . . . a, write ni = ki + li, where
f(ni) =
1 + f(ki) + f(li)
2
From the induction hypothesis, we have that
f
(
a∑
i=1
ki
)
≥ 1− amax
i=1
pi +
a∑
i=1
pi · f(ki) (2)
f
(
a∑
i=1
li
)
≥ 1− amax
i=1
pi +
a∑
i=1
pi · f(li) (3)
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Then we obtain the following inequalities
f(n) ≥ 1 + f (
∑a
i=1 ki) + f (
∑a
i=1 li)
2
≥ 1
2
+ (1− amax
i=1
pi) +
a∑
i=1
[
f(ki) + f(li)
2
]
= 1− amax
i=1
pi +
a∑
i=1
pi ·
[
1 + f(ki) + f(li)
2
]
= 1− amax
i=1
pi +
a∑
i=1
pi · f(ni)
as required.
Proof of Theorem 7. The proof follows immediately by observing that the function f defined in
Lemma 2 satisfies the same constraints required from the optimal function (Lemma 1) and one
of the constraints is tight, when dividing n into two sets as equal as possible—of sizes bn/2c and
dn/2e—and setting the probabilities for the two sets equal to 1/2.
Going beyond the perfect expert scenario, we will show that the adversary always has an
optimal strategy of the following form: choose a set A of options, divide the experts into groups
so that each group i votes for option i in the set A, and then select the next choice from A
giving them equal probability.
Definition 5 (Domination). Let ~k be any state. Suppose the adversary promises to select the
next choice from a non-empty subset A ⊆ [d]. Then a decomposition ~p = (~p1, . . . , ~pd) (weakly)
dominates another decomposition ~q = (~q1, . . . , ~qd) with respect to this adversary if for each i ∈ A
the successor ~si(~q) is reachable from ~si(~p) or equal to it.
Note that the promise of the adversary to only select a choice in A only holds for the next
choice. The next lemma will be useful for establishing that when the adversary promises to
select the next choice from a subset A, it is sufficient to study decompositions in which no
expert predicts a choice outside A.
Lemma 3. Let ~k be any state. Suppose the adversary promises to select the next choice from
a non-empty subset A ⊆ [d]. Then any decomposition ~q = (~q1, . . . , ~qd) is weakly dominated by a
decomposition ~p = (~p1, . . . , ~pd) in which no expert predicts choices outside A (i.e. with ~pi = ~0
for each i 6∈ A).
Proof. W.l.o.g., A = {1, . . . , a} for some a ∈ [d]. Given an arbitrary decomposition ~q =
(~q1, . . . , ~qd), consider a decomposition ~p = (~p1, . . . , ~pd) with the properties:
• ~pv = ~0 for each v 6∈ A.
• pvi = qvi for each v ∈ A \ {1} and i ∈ {0, . . . , b}.
• p1i = q1i + ∆i, where ∆i =
∑
w 6∈A p
w
i , for i ∈ {0, . . . , b}.
For each option v ∈ A \ {1}, the successor states are clearly the same under the two decom-
positions, i.e. ~sv(~p) = ~sv(~q). For the first choice, the successor state under ~p is ~r = ~s1(~p), where
r0 = q
1
0 + ∆0 and ri = p1i +
∑
v 6=1 p
v
i−1 = (q
1
i + ∆i) + (ki−1 − q1i−1 −∆i−1) for i ∈ {1, . . . , b}. On
the other hand, the successor state corresponding to the first choice under decomposition ~q is
~t = ~s1(~q), where t0 = q10 and ti = q1i +
∑
v 6=1 q
v
i−1 = q
1
i + (ki−1 − q1i−1) for i ∈ {1, . . . , b}. Then
state ~t can be obtained from ~r in one round by having ∆i experts with i mistakes so far predict
choice 2 for each i while everyone else predicts choice 1, and then selecting choice 1.
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Next we show that the adversary has an optimal strategy that involves restricting the set
of choices to some subset A and choosing the next option uniformly at random from A. We
simultaneously show that the loss function is strictly monotonic with respect to successors.
Lemma 4. Let ~k be any state other than (0, . . . , 0, 1). Then
(i) there exists a subset A of a ≥ 2 choices and a decomposition (~k1, . . . ,~kd) of the experts where
~ki = ~0 for each i 6∈ A, so that
`(~k) =
a− 1
a
+
1
a
·
(∑
i∈A
`(~si)
)
where ~si is the successor state if choice i is correct.
(ii) `(~k) > `(~r) for every state ~r 6= ~k that is reachable from ~k.
Proof. We proceed by induction on the state ~k. For the base case we must verify two subcases:
• ~k = (0, . . . , 0, kb). In this case there are exactly kb experts left and each of them has made
b mistakes. From such a state the problem is equivalent to the perfect expert prediction
problem. Both conditions (i) and (ii) follow from the properties of the loss function
established in Lemma 2 and Theorem 7.
• ~k = (0, . . . , 0, 1, 0). In this case there is only one expert left that has made b− 1 mistakes
so far, which is equivalent to having one expert that makes one mistake. Then no matter
what decomposition the adversary chooses, one of the successor states will be the same as
the current state, ~k, while all the other successor states will be states in which there is only
one expert that is moreover perfect, so no further mistakes can be made from these states.
The general strategy of the adversary is to pick a set A of size a and a probability vector
(p1, . . . , pa), have the one expert predict a fixed option (say i∗), and then pick the next
choice as i ∈ A with probability pi. The expected loss is then `(~k) = 1−maxai=1 pi+pi∗ ·`(~k),
which implies that `(~k) ≤ 1. By having the expert predict choice 1, and flipping a fair
coin to decide whether the correct choice is 1 or 2, the adversary can ensure a loss of
`(~k) ≥ 1/2 + 1/2 · `(~k), i.e. `(~k) = 1.
Assume that properties (i) and (ii) hold for all the states reachable from ~k in at least one
round, and show they also hold for ~k. We start with (ii) and observe that it is sufficient to verify
`(~k) > `(~r) for every state ~r = (r0, . . . , rb) that is reachable from ~k by having only one expert
make a mistake in state ~k (in this case ~r is a successor of ~k). Let i be the number of mistakes
this expert has accumulated when reaching ~k. Let ~h = (~h1, . . . ,~hd) be an adversary optimal
decomposition of the experts in state ~r, so that hcj experts with j mistakes so far recommend
choice c next, and there is a set A of 2 ≤ a ≤ d options so that the next choice is selected from
A with equal probability:
`(~r) =
a− 1
a
+
1
a
·
(∑
i∈A
`(~si(~h
1, . . . ,~hd))
)
where ~si(~h1, . . . ,~hd) is the successor state from decomposition (~h1, . . . ,~hd) if choice i is correct.
Without loss of generality, suppose 1 ∈ A.
Given that state ~r is obtained from ~k by only having one expert with i mistakes so far predict
incorrectly at ~k, we have the following properties for the decomposition ~h:
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1.
∑d
c=1 h
c
j = kj for each j ∈ {1, . . . , b} \ {i, i+ 1}
2.
∑d
c=1 h
c
i = ki − 1
3. if i < b, then
∑d
c=1 h
c
i+1 = ki+1 + 1. Since
∑d
c=1 h
c
i+1 ≥ 1, there must exist c such that
hci+1 is strictly positive, so w.l.o.g. h
1
i+1 > 0. (Note the case i = b is already handled
through the first property.)
Let ~z ∈ <b+1 be defined as:
1. zj = 0 for each j ∈ {1, . . . , b} \ {i, i+ 1}
2. zi = 1
3. if i < b, then zi+1 = −1.
Then ~h′ = (~h1 + ~z,~h2, . . . ,~hd) is a valid decomposition of the state ~k with the property that the
experts predict only choices in A. Then we obtain
`(~k) ≥ a− 1
a
+
1
a
·
(∑
c∈A
`(~sc(~h
′))
)
>
a− 1
a
+
1
a
·
(∑
c∈A
`(~sc(~h))
)
= `(~r),
where ~sc(~h′) and ~sc(~h) are the successor states from decomposition ~h′ and ~h, respectively, if choice
c turns out correct. The first inequality follows from Lemma 1, while the second inequality and
the identity hold by the induction hypothesis for ~r. Thus `(~k) > `(~r) as required.
We now check that (i) also holds for ~k. Let ~α = (α1, . . . , αd) be the probability vector
used by the adversary, so that the next choice is set to i with probability αi, and (~k1, . . . ,~kd)
a decomposition of the experts. Then if the forecaster predicts choice i next, the expected loss
from now on including this round is
vi(α) = (1− αi) +
d∑
i=1
αi · `(~si(~k1, . . . ,~kd))
The forecaster will select the option that minimizes the expected loss, which gives a cost of
min{v1(~α), . . ., vd(~α)} for a fixed ~α. The adversary’s problem is then to find ~α that maximizes
this value. If αi ≥ αj for all j, this is given by the following linear program, where `j =
`(~sj(~k
1, . . . ,~kd)) is the loss from the successor state obtained when choice j is correct given the
decomposition (~k1, . . . ,~kd):
max 1− αi +
 d∑
j=1
αj · `j

s.t. αi ≥ αj ∀j ∈ [d]
αj ≥ 0 ∀j ∈ [d]
d∑
j=1
αj = 1 (4)
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First note that due to the strict monotonicity property of the loss function, it cannot be
the case that setting αj = 1 for some j is the optimal solution, unless the successor state for
option j is the same as the current state (i.e. sj(~k1, . . . ,~kd) = ~k). However, in the latter
case, the adversary leaves the current state as it is with probability 1, and such rounds can be
removed. Thus the decomposition and probability vector used in the optimal solution will have
the property that at least two successor states are reached with non-zero probability.
The linear program in (4) attains an optimal solution at an extreme point. Consider any
optimal solution that does not have the required form, i.e. for which there does not exist
a ∈ {2, . . . , d} such that all the non-zero entries of ~α are equal to 1/a. Suppose the sorted
entries in the probability vector ~α are αj1 = . . . = αjv > αjv+1 ≥ . . . ≥ αjn ≥ 0, where
αjv+1 > 0. Let  > 0 be small enough so that  < min{ vv+1 · (αjv − αjv+1), αjv+1}. Consider
alternative probability vectors ~β and ~γ given by
• βjw = γjw = αjw for all v + 2 ≤ w ≤ n.
• βjv+1 = αjv+1 −  and γjv+1 = αjv+1 + .
• βjw = αjw + /v and γjw = αjw − /v for all 1 ≤ w ≤ v.
Note that by construction ~β and ~γ satisfy the constraints of the linear program and moreover
~α = (~β + ~γ)/2. Then ~α is not an extreme point. Thus any extreme point that is optimal has
the property that all the non-zero entries in the probability vector are equal to 1/a for some
a ∈ {2, . . . , d}.
It follows that the adversary has an optimal strategy of picking a subset A of at least two
choices and assign equal probability to all the elements in A. Moreover, by Lemma 3, we can
assume that ~ki = ~0 for all i 6∈ A since any decomposition that does not have this property is
dominated by a decomposition that does have the property and achieves at least as high of an
objective value for the same choice of probabilities. This establishes property (i) for ~k.
Lemma 4 implies an algorithm for computing the exact value of the loss `.
Theorem 8 (Exact Algorithm). The function ` that represents the minimax loss of the forecaster
is given by the following recursion:
`(~k) = max
A,(~k1,...,~kd)
a− 1
a
+
1
a
·
(∑
i∈A
`(~si)
)
where A is a subset of a ≥ 2 choices, (~k1, . . . ,~kd) is a decomposition of the experts where ~ki = ~0
for each i 6∈ A, and ~si is the successor state given this decomposition when choice i is correct.
The base case is `(0, . . . , 0, 1) = 0.
Proof. The proof follows by using property (i) of the function ` from Lemma 4.
4 Lower Bound
In this section we prove a lower bound on the expected loss and start by defining the following
functions.
Definition 6. Let (n, 0, . . . , 0) be an initial state. Define gi(t, n) as the random variable for
the number of experts that made exactly i mistakes at time t, given that the sequence of bits is
produced by an adversary that works as follows:
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• in every state ~k = (k0, . . . , kb), compute a decomposition (~k0,~k1) with the property that for
all j = 0 . . . b, if kj is
– even, then set k0j = k
1
j
– odd, then split the experts with j mistakes as evenly as possible while alternating when
k0j or k
1
j is larger. Formally, let r be the number of indices ` < j for which k` ∈ 2Z.
Set k0j = k
1
j − 1 if r is even and k0j = k1j + 1 if r is odd.
• flip a fair coin to decide whether the next bit is 0 or 1.
For each coordinate i = 0 . . . b, we will be interested in finding the smallest time t∗i ≥ 0 with
the property that gi(t, n) ≤ 1 for all t ≥ t∗i .
Lemma 5. For each initial number of experts n ≥ 1 the following inequality holds:
`(n, 0, . . . , 0) ≥ t∗b/2,
where t∗b is the smallest time with the property that gb(t, n) ≤ 1 for all t ≥ t∗b .
Proof. First note that in any state ~k = (k0, . . . , kb), if the decomposition chosen by the adversary
is (~k0,~k1), if the forecaster predicts 0 with probability p and 1 with probability 1− p, then the
expected loss starting from state ~k, including the current round, is
`(k0, . . . , kb) = 0.5
(
1− p+ `(s0(~k0,~k1))
)
+ 0.5
(
p+ `(s1(~k
0,~k1))
)
= 0.5
(
1 + `(s0(~k
0,~k1)) + `(s1(~k
0,~k1))
)
where we have used the fact that the adversary selects ~k0 or ~k1 as the experts with the correct
opinion with probability 1/2 (Lemma 4). Thus the expected loss of the forecaster per round is
1/2. If t∗b is chosen as in the statement of the lemma, then the number of rounds in which the
forecaster makes a mistake is greater than or equal to t∗b , which implies `(n, 0, . . . , 0) ≥ t∗b/2 as
required.
A lower bound on the expected loss when starting from the state (n, 0, . . . , 0) will be given
by t∗b/2, so it will be sufficient to estimate t
∗
b .
Theorem 9. Consider a forecaster with n experts, where the best expert makes at most b = b(n)
mistakes. If b(n) ≤ blog nc/5, then any algorithm used by the forecaster has in the worst case
an expected loss of at least
0.5 · blog2 nc+ 0.5 ·
⌊
log2
(blog2 nc
b
)⌋
− 0.5 · b.
Proof. Let k = blog2 nc. Since increasing the number of initial experts can only (weakly) increase
the value of the gi functions at any given point in time, we have that gi(t, n) ≥ gi(t, 2k) for all
i = 0 . . . b. Moreover, since the adversary’s strategy from any state is to divide each set of experts
with i mistakes as evenly as possible, and finding decompositions of every state ` that are as
even as possible, alternating whether `0i or `
1
i is larger (in case of odd set sizes), the following
inequality holds for any i = 1 . . . b:
gi(t, 2
k) ≥ min
{⌊
gi−1(t− 1, 2k)
2
⌋
+
⌈
gi(t− 1, 2k)
2
⌉
,
⌈
gi−1(t− 1, 2k)
2
⌉
+
⌊
gi(t− 1, 2k)
2
⌋}
≥ gi−1(t− 1, 2
k)
2
+
gi(t− 1, 2k)
2
− 0.5 (5)
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For i = 0, since the set of experts that made 0 mistakes so far is exactly halved each time
when starting from 2k, we get that g0(t, n) ≥ g0(t, 2k) ≥ 2k−t. Thus t∗0 ≥ k.
For each i, let hi(t,m) = 2t · gi(t,m). Multiplying both sides of inequality (5) by 2t, we get
hi(t, 2
k) ≥ hi−1(t− 1, 2k) + hi(t− 1, 2k)− 2t−1 (6)
We show by induction on i the following inequality:
hi(t, 2
k) ≥ 2k ·
(
t
i
)
− 2t+i + 2t (7)
For i = 0, inequality (7) is equivalent to h0(t, 2k) ≥ 2k − 2t + 2t = 2k, which holds given the
previous observation that g0(t, 2k) ≥ 2k−t. Assume condition (7) holds for i−1. Using inequality
(6), we obtain
hi(t, 2
k) ≥ hi−1(t− 1, 2k) + hi(t− 1, 2k)− 2t−1
≥
(
2k ·
(
t− 1
i− 1
)
− 2(t−1)+(i−1) + 2t−1
)
+ hi(t− 1, 2k)− 2t−1
= 2k ·
(
t− 1
i− 1
)
− 2t+i−2 + hi(t− 1, 2k) (8)
Note hi(i−1, 2k) = 0 since at time i−1 there are no experts that made i mistakes when starting
from n experts with zero mistakes. Also note condition (7) holds for t < i, so we can assume
t ≥ i. Summing inequality (8) for j = i . . . t and cancelling out the terms, we get
hi(t, 2
k) ≥ 2k ·
 t−1∑
j=i−1
(
j
i− 1
)+ hi(i− 1, 2k)− (2t+i−2 + . . .+ 2i+i−2)
= 2k ·
(
t
i
)
− 2t+i−1 + 22i−2
≥ 2k ·
(
t
i
)
− 2t+i + 2t,
where the last inequality holds if and only if 2t+i−1 + 22i−2 ≥ 2t, which is true for all i ≥ 1.
Thus condition (7) holds for i. We obtain that gi(t, 2k) ≥ 2k−t ·
(
t
i
) − 2i + 1 for all i = 0 . . . b.
Taking i = b, it follows that
gb(t, 2
k) > 2k−t ·
(
t
b
)
− 2b + 1
Let t˜ = k + blog (kb)c − b. Substituting t˜ in the inequality above,
gb(t˜, 2
k) ≥ 2k−t˜ ·
(
t˜
b
)
− 2b + 1 = 2b−blog2 (kb)c ·
(
k + blog (kb)c − b
b
)
− 2b + 1
Then for gb(t˜, 2k) > 1 to hold, it is sufficient that(
k + blog (kb)c − b
b
)
>
(
k
b
)
,
which holds for b ≤ k/5, so t∗b ≥ t˜ = k + blog
(
k
b
)c − b. By Lemma (5), the expected loss is at
least t∗b/2 ≥ 0.5
(
k + blog (kb)c − b) as required. This completes the proof.
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5 Abstract Theorem
In this section we show that in fact any monotone function that satisfies the inequality of Lemma
1 and a simple boundary condition gives both an upper bound on the expected loss and a strategy
that the forecaster can use to achieve an expected loss no higher than the value given by this
function.
Theorem 10 (Abstract Theorem). Let f : Nb+1 \{(0, . . . , 0)} → < be any function that satisfies
the properties
1. Boundary: f(0, . . . , 0, 1) ≥ 0
2. Decomposition property: for every state ~k, subset A ⊆ [d] of a ≥ 1 choices, and decompo-
sition (~k1, . . . ,~kd),
f(~k) ≥ a− 1
a
+
1
a
·
∑
i∈A
f(~si)
where ~si is the successor state if choice i is correct.
Then the forecaster has a strategy ensuring the expected loss in the worst case is upper
bounded by f as follows: from any state ~k, observe the decomposition given by the opinions
of the experts and the successor states ~s1, . . . , ~sd. Then predict choice i with probability pi =
max{0, 1 + f(~si)− f(~k)} for all i < d and choice d with probability pd = 1−
∑
i<d pi.
We note the decomposition property for a = 1 choices is equivalent to monotonicity with
respect to successors, i.e. f(~k) ≥ f(~r) for any state ~r that is a successor of ~k.
Proof of Theorem 10. Denote the current state by ~k and the decomposition observed by (~k1, . . . ,~kd).
We first argue the strategy prescribed by the probabilities pi is valid, by showing that pi ∈ [0, 1]
for all i. First note that f(~si) − f(~k) ≤ 0 since ~si is a successor of ~k and f is mono-
tonic. Thus for each i < d we have 0 ≤ max{0, 1 + f(~si) − f(~k)} ≤ 1. We also have that
pd = 1 −
∑
i<d ≤ 1. It remains to show that pd ≥ 0, which is equivalent to
∑
i<d pi ≤ 1. Let
A = {i < d | 1 + f(~si)− f(~k) > 0} and denote a = |A|. Then∑
i<d
pi =
∑
i∈A
pi =
∑
i∈A
(
1 + f(~si)− f(~k)
)
= a− a · f(~k) +
∑
i∈A
f(~si) (9)
By applying the decomposition property of f we obtain that a−1a +
1
a ·
∑
i∈A f(~si) ≤ f(~k),
so the sum of probabilities can be bounded by∑
i<d
pi = a− a · f(~k) +
∑
i∈A
f(~si) ≤ 1
Thus the probabilities pi are valid for each i ∈ [d].
By induction it will follow that the expected loss is upper bounded by f . The base case
is obtained when there is only one expert left that has made b mistakes so far. Then this
expert will never make another mistake, so `(0, . . . , 0, 1) = 0 and by construction of f we have
f(0, . . . , 0) ≥ 0 = `(0, . . . , 0, 1).
Assume that f is an upper bound on the expected loss when starting from any state `
reachable from ~k. We show that it also holds for ~k. By Lemma 4, the adversary has an optimal
strategy that consists of selecting some decomposition (~k1, . . . ,~kd), a set of choices A so that
all the experts vote on a choice in A, and selecting the next choice from A with probability
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1/a, where a = |A|. Let ~s1, . . . , ~sd be the successor states corresponding to each choice i being
correct. By the induction hypothesis, `(~si) ≤ f(~si) for each i. By applying the decomposition
property of f we can bound the loss at state ~k as follows
`(~k) =
a− 1
a
+
1
a
·
∑
i∈A
`(~si) ≤ a− 1
a
+
1
a
·
∑
i∈A
f(~si) ≤ f(~k)
Thus f is also an upper bound for the loss at ~k as required.
In the next proposition we will allow a state to contain real valued entries; the successor
function on such states is defined in the same way as for states with integer entries.
Proposition 1. Let f be a concave function such that for any state ~k and a ∈ [d]
a− 1
a
+ f(~s1(~ka)) ≤ f(~k), (10)
where the vector ~ka = (~k/a, . . . ,~k/a, 0, . . . , 0) has exactly d− a zero entries.
Then condition 3 of Theorem 10 holds, i.e. for every subset A ⊆ [d] of a ≥ 1 choices and
decomposition (~k1, . . . ,~kd) we have
a− 1
a
+
1
a
·
∑
i∈A
f
(
~si(~k
1, . . . ,~kd)
)
≤ f(~k)
Proof. Let ~k be any state and (~k1, . . . ,~kd) an arbitrary decomposition with successor states
~ti = ~si(~k
1, . . . ,~kd), for i = 1 . . . d. Let A ⊆ [d] be a set of a ≥ 1 choices, which w.l.o.g. can
be set to A = {1, . . . , a}. By Lemma 3, we get that if the decomposition (~k1, . . . ,~kd) does
have experts voting on choices outside A, then there is another decomposition (~h1, . . . ,~hd) that
dominates it with the property that ~hi = ~0 for all i 6∈ A. Then each successor ~ti is reachable
from the successor ~ri = ~si(~h1, . . . ,~hd) for each i ∈ A. By the monotonicity of f , it follows that
f(~ti) ≤ f(~ri). Thus we can assume ~ki = ~0 for all i 6∈ A.
Together with the concavity of f , this implies
1
a
·
∑
i∈A
f
(
~si(~k
1, . . . ,~kd)
)
=
1
a
·
∑
i∈A
f
(
~ti
)
≤ f
(∑
i∈A
~ti
a
)
= f(~s1(~ka)) (11)
Applying inequalities (10) and (11), we obtain
a− 1
a
+
1
a
·
∑
i∈A
f
(
~si(~k
1, . . . ,~kd)
)
≤ a− 1
a
+ f(~s1(~ka)) ≤ f(~k)
as required.
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6 Algorithm and Upper Bound
In this section we provide an upper bound and algorithm for approximately computing the
function `.
Lemma 6. For every c > 1, the function fc : Nb+1 \ {(0, . . . , 0)} → < defined as
fc(k0, . . . , kb) = logγ
(
b∑
i=0
cb−i · ki
)
satisfies the conditions of Theorem 10 for γ =
(
2c
c+1
)2
, and so upper bounds the minimax loss.
Proof. The first condition of Theorem 10 requires that fc(0, . . . , 0, 1) ≥ 0, which trivially holds.
The second condition is the decomposition property, which we show first for a = 1 choices; this
is equivalent to monotonicity with respect to successors. That is, we need fc(~k) ≥ fc(~r) for any
state ~r that is a successor of ~k. It will suffice to show that fc(~k) ≥ fc(s1(~k1, . . . ,~kd)) for any
decomposition (~k1, . . . ,~kd) of ~k, or equivalently,
cb · k0 + cb−1 · k1 + . . .+ c0 · kb ≥ cb · k10 + cb−1 ·
k11 +∑
v 6=1
kv0
+ . . .+ c0 ·
k1b +∑
v 6=1
kvb−1
 ⇐⇒
cb · (k10 + . . .+ kd0)+ b∑
u=1
cb−u ·
k1u +∑
v 6=1
kvu
 ≥ cb · k10 + b∑
u=1
cb−u ·
k1u +∑
v 6=1
kvu−1

Since c > 1, the coefficient of each kji on the left hand side is greater than or equal to its
coefficient on the right hand side. Thus the second condition is also met.
To show the decomposition property for at least two choices, note first that the function
fc is concave for any c > 1 since it is the composition of a log with a linear function. Let
a ∈ {2, . . . , d}. For any state ~k, inequalities 12, 13, and 14 are equivalent:
a− 1
a
+ fc
(
s1
(
~k/a, . . . ,~k/a
))
≤ fc(~k) (12)
a− 1
a
+ logγ
(
cb · k0
a
+ cb−1 ·
(
k1
a
+
(a− 1)k0
a
)
+ . . .+
(
kb
a
+
(a− 1)kb−1
a
))
≤ logγ
(
cb · k0 + . . .+ kb
)
(13)
γ
a−1
a · cb · k0
a
+
b∑
u=1
γ
a−1
a · cb−u ·
(
ku
a
+
(a− 1) · ku−1
a
)
≤ cb · k0 + cb−1 · k1 + . . .+ kb (14)
Comparing the coefficients of kb in inequality 14 gives
γ
a−1
a · kb
a
≤ kb ⇐⇒ γ
a−1
a ≤ a (15)
while the coefficient of each ki for i < b gives
γ
a−1
a ·
[
cb−i · ki
a
+ cb−i−1 · (a− 1)ki
a
]
≤ cb−i · ki ⇐⇒
γ
a−1
a ·
[
c
a
+
a− 1
a
]
≤ c ⇐⇒(
2c
c+ 1
) 2a−2
a
·
[
1 +
c− 1
a
]
≤ c (16)
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Note that 16 implies 15, so it is sufficient to prove 16. For a = 2, inequality 16 is equivalent
to
(
2c
c+1
)
· c+12 ≤ c, which trivially holds. We show the function of a representing the left hand
side is decreasing in a for a ≥ 2, so it attains its maximum at a = 2. We take x = 1/a and
obtain that 16 is equivalent to(
2c
c+ 1
)2(1−x)
· (1 + (c− 1)x) ≤ c for 0 < x ≤ 1
2
(17)
Define the function g : (0, 2]→ < which is the log of the left hand side in the inequality above
g(x) = 2(1− x) · log
(
2c
c+ 1
)
+ log (1 + (c− 1)x)
The derivative of g is
g′(x) = −2 log
(
2c
c+ 1
)
+
c− 1
1 + (c− 1)x
Using the inequality log y ≤ y − 1 we obtain log
(
2c
c+1
)
≤ c−1c+1 , and so the derivative can be
bounded by
g′(x) ≥ −2 ·
(
c− 1
c+ 1
)
+
c− 1
1 + c−12
= 0
Thus inequality 17 holds, which implies 16. Thus the worst case is obtained for a = 2, so
inequality (14) holds for all a ∈ {2, . . . , d}. Then by Proposition 1, the function fc satisfies
condition (3) of the abstract theorem (Theorem 10). It follows that fc satisfies all the conditions
of Theorem 10 as required.
Figure 2: Approximately Optimal Forecasting Algorithm
Input:
♣ Set of n experts, d options, and upper bound b on the number of mistakes that the
best expert can make.
♣ Observe the predictions of the experts, which give a decomposition of the current state
~k into (~k1, . . . ,~kd).
Output: Probability vector ~p = (p1, . . . , pd), where the forecaster selects choice i with
probability pi.
. Compute
f(~k) = min
c>1
logγ (c
b · k0 + cb−1 · k1 + . . .+ kb), where γ =
(
2c
c+ 1
)2
// For a fast approximation, taking c = log2 (n)/b suffices for the bound.
. For every i < d, predict choice i with probability pi = max{0, 1 + f(~si)− f(~k)} and d
with probability pd = 1−
∑
i<d pi, where ~si is the successor state when choice i is correct.
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Theorem 11. Consider a forecaster with n experts, where the best expert makes at most b = b(n)
mistakes. Then the expected loss of the optimal forecaster is at most
log4 (n) + b · [log4 (log2 (n+ 1)) + 4] + 1.
Proof. For every c > 1, let γ =
(
2c
c+1
)2
and define fc : Nb+1 \ {(0, . . . , 0)} → < as
fc(k0, . . . , kb) = logγ
(
b∑
i=0
cb−i · ki
)
.
By Lemma (6), this function satisfies the conditions of Theorem 10, so it gives an upper bound
on the expected loss of an optimal forecaster in the worst case.
In order to get the required bound we will optimize the value of c for every input state ~k.
Observe that limc→1 fc(~k) = ∞ and limc→∞ fc(~k) = ∞, so the expression minc>1 fc(~k) is well
defined. Define f : Nb+1 \ {(0, . . . , 0)} → <, where
f(~k) = min
c>1
fc(~k)
We show that f gives the required upper bound. The function f is the infimum of a family
of concave functions, so it is also concave. Computing the value for f(~k) is equivalent to finding
a global minimum of the function g : < → < defined as
g(c) = logγ
 b∑
j=0
cb−j · kj
, where γ = ( 2c
c+ 1
)2
Take
c =
log2 (4n+ 4)
ln (4)
.
Using the inequality lnx ≤ x− 1, we can bound the expression log2 γ as follows:
log2 γ = log2
[(
2c
c+ 1
)2]
= 2− 2 log2
(
c+ 1
c
)
≥ 2− 2/ (c · ln 2)
=
2(c · ln 2− 1)
c · ln 2 =
1
0.5 + 1/ log2 (n+ 1)
(18)
Applying inequality (18) with this choice of c, the function fc evaluated at the start state
(n, 0, . . . , 0) can be bounded by
fc(n, 0, . . . , 0) = logγ (c
b · n) = log2
(
cb · n)
log2 γ
≤
(
1
2
+
1
log2 (n+ 1)
)
· (log2 (n) + b · log2 (2 + log2 (n+ 1)))
≤ log4 (n) + 1 + b ·
(
log4 (log2 (n+ 1) + 2) +
log2 (log2 (n+ 1) + 2)
log2 (n+ 1)
)
≤ log4 (n) + 1 + b · (log4 (log2 (n+ 1)) + 4) (19)
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Inequality (19) implies that the expected loss when starting with n experts that have made
no mistakes initially is bounded by
`(n, 0, . . . , 0) ≤ f(n, 0, . . . , 0) ≤ fc(n, 0, . . . , 0) ≤ log4 (n) + 1 + b (log4 (log2 (n+ 1)) + 4)
as required.
We can obtain in fact a more precise estimate when b < ln (n)/2 by using a value of c that
depends on both n and b.
Theorem 12. Consider a forecaster with n experts, where the best expert makes at most b = b(n)
mistakes. For any 1 ≤ b < ln (n)/2, the expected loss of the optimal forecaster is at most
(1 + 2b/ ln(n)) (log4 (n) + b · log4 (log2 n/b)) .
Proof. The proof is similar to that of Theorem 11, except we define c = log2 (n)/b. Recall we
obtain the upper bound by evaluating the function fc(k0, . . . , kb) = logγ
(∑b
i=0 c
b−i · ki
)
, where
γ =
(
2c
c+1
)2
, at the start state (n, 0, . . . , 0). Then
fc(n, 0, . . . , 0) = logγ (n · cb) = logγ (n) + b · logγ (c) =
log4 (n) + b · log4
(
log2 n
b
)
log2
(
2c
c+1
) (20)
For this choice of c, by using Taylor’s inequality we obtain
1
log2
(
2c
c+1
) ≤ 1 + b
lnn
+
2b2
lnn2
Using the above inequality in identity 20 implies that
fc(n, 0, . . . , 0) ≤
(
1 +
2b
lnn
)
·
(
log4 (n) + b · log4
(
log2 n
b
))
which is the required bound.
We note that the bound of Theorem 12 is within at most O(b) (additive) of the lower bound.
7 Figures
On the next page we show next several plots, with the function m that gives the exact expected
loss, as well as the upper bounds given by the functions f and fc (for a specific c) from Theorem
11. The plots in Figure (3.a) are for starting states of the form (n, 0), where n = 0 . . . 300, while
in Figure (3.b) for starting states (n, 0, 0), where n = 0 . . . 80.
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(a) For b = 1 mistakes, the expected loss `(n, 0)
for n = 0 . . . 300 (in red), the upper bound given
by f(n, 0) (in black) and the upper bound given by
fc(n, 0) with c = log2 (4n+4)2·ln 2 (in green).
(b) For b = 2 mistakes, the expected loss `(n, 0, 0)
for n = 0 . . . 80 (in red), the upper bound given by
f(n, 0, 0) (in black) and the upper bound given by
fc(n, 0, 0) with c = log2 (4n+4)2·ln 2 (in green).
Figure 3: The loss function ` and its upper bounds.
(a) The function `(i, j).
(b) Upper bound given by the function fc(i, j),
where c = log2 (4i+4j+4)
2·ln 2 .
(c) Upper bound given by the function
f(i, j) = infc>1 fc(i, j).
Figure 4: For b = 1 mistakes and i, j = 0 . . . 80, the functions `(i, j) (Figure a), f(i, j) (Figure
b), and fc(i, j) for c =
log2 (4i+4j+4)
2·ln 2 (Figure c).
21
8 Acknowledgements
We thank Jacob Abernethy for detailed discussion about his work on binary prediction, Sébastien
Bubeck for pointers to the literature, and Nika Haghtalab for useful discussion in the early stages
of the project.
References
[AABR09] Jacob Abernethy, Alekh Agarwal, Peter L. Bartlett, and Alexander Rakhlin. A
stochastic view of optimal regret through minimax duality. In COLT 2009 - The
22nd Conference on Learning Theory, Montreal, Quebec, Canada, June 18-21,
2009, 2009.
[ABH11] Jacob D. Abernethy, Peter L. Bartlett, and Elad Hazan. Blackwell approachability
and no-regret learning are equivalent. In COLT 2011 - The 24th Annual Conference
on Learning Theory, June 9-11, 2011, Budapest, Hungary, pages 27–46, 2011.
[ABR07] Jacob D. Abernethy, Peter L. Bartlett, and Alexander Rakhlin. Multitask learning
with expert advice. In Learning Theory, 20th Annual Conference on Learning
Theory, COLT 2007, San Diego, CA, USA, June 13-15, 2007, Proceedings, pages
484–498, 2007.
[ABRT08] Jacob Abernethy, Peter L. Bartlett, Alexander Rakhlin, and Ambuj Tewari. Opti-
mal stragies and minimax lower bounds for online convex games. In Proceedings of
the 21st Annual Conference on Learning Theory - COLT 2008, Helsinki, Finland,
July 9-12, 2008, pages 415–424, 2008.
[AHK12] Sanjeev Arora, Elad Hazan, and Satyen Kale. The multiplicative weights update
method: A meta-algorithm and applications. Theory of Computing, 8:121–164,
2012.
[ALW06] Jacob Abernethy, John Langford, and Manfred K. Warmuth. Continuous experts
and the binning algorithm. In Gábor Lugosi and Hans Ulrich Simon, editors,
Learning Theory, pages 544–558, Berlin, Heidelberg, 2006. Springer Berlin Heidel-
berg.
[ASS01] Erin L. Allwein, Robert E. Schapire, and Yoram Singer. Reducing multiclass to
binary: A unifying approach for margin classifiers. J. Mach. Learn. Res., 1:113–
141, 2001.
[AWY08] Jacob Abernethy, Manfred K. Warmuth, and Joel Yellin. When random play is
optimal against an adversary. In COLT, pages 437–446, 2008.
[BK99] Avrim Blum and Adam Kalai. Universal portfolios with and without transaction
costs. Machine Learning, 35(3):193–205, June 1999.
[Bla56] David Blackwell. An analog of the minimax theorem for vector payoffs. Pacific J.
Math., 6(1):1–8, 1956.
[Blu98] Avrim Blum. On-line algorithms in machine learning. In Developments from a
June 1996 Seminar on Online Algorithms: The State of the Art, pages 306–325,
Berlin, Heidelberg, 1998. Springer-Verlag.
22
[Bro49] George W. Brown. Some notes on computation of games solutions. RAND Cor-
poration Report P-78, April 1949.
[CBFH+97] Nicolò Cesa-Bianchi, Yoav Freund, David Haussler, David P. Helmbold, Robert E.
Schapire, and Manfred K. Warmuth. How to use expert advice. J. ACM, 44(3):427–
485, May 1997.
[CBFHW96] Nicolo Cesa-Bianchi, Yoav Freund, DavidP. Helmbold, and ManfredK. Warmuth.
On-line prediction and conversion strategies. Machine Learning, 25(1):71–110,
1996.
[CBL06] Nicolò Cesa-Bianchi and Gabor Lugosi. Prediction, Learning, and Games. Cam-
bridge University Press, New York, NY, USA, 2006.
[CDK09] Koby Crammer, Mark Dredze, and Alex Kulesza. Multi-class confidence weighted
algorithms. In Proceedings of the 2009 Conference on Empirical Methods in Natural
Language Processing: Volume 2 - Volume 2, pages 496–504, 2009.
[CG13] Koby Crammer and Claudio Gentile. Multiclass classification with bandit feedback
using adaptive regularization. Mach. Learn., 90(3):347–383, 2013.
[Chu94] Thomas H. Chung. Approximate methods for sequential decision making using
expert advice. In Proceedings of the Seventh Annual Conference on Computational
Learning Theory, COLT ’94, pages 183–189, 1994.
[DTA12] Ofer Dekel, Ambuj Tewari, and Raman Arora. Online bandit learning against
an adaptive adversary: from regret to policy regret. In Proceedings of the 29th
International Conference on Machine Learning, ICML 2012, Edinburgh, Scotland,
UK, June 26 - July 1, 2012, 2012.
[FS97] Yoav Freund and Robert E. Schapire. A decision-theoretic generalization of on-
line learning and an application to boosting. J. Comput. Syst. Sci., 55(1):119–139,
August 1997.
[FV97] Dean P. Foster and Rakesh V. Vohra. Calibrated learning and correlated equilib-
rium. Games and Economic Behavior, 21(1):40 – 55, 1997.
[GPS16] Nick Gravin, Yuval Peres, and Balasubramanian Sivan. Towards optimal algo-
rithms for prediction with expert advice. In Proceedings of the Twenty-seventh
Annual ACM-SIAM Symposium on Discrete Algorithms, SODA ’16, pages 528–
547, Philadelphia, PA, USA, 2016. Society for Industrial and Applied Mathemat-
ics.
[Han57] J. Hannan. Approximation to bayes risk in repeated plays. In M. Dresher, A.
Tucker, and P. Wolfe, editors, Contributions to the Theory of Games, 3:97–139,
1957.
[HK11] Elad Hazan and Satyen Kale. Newtron: an efficient bandit algorithm for online
multiclass prediction. In J. Shawe-Taylor, R. S. Zemel, P. L. Bartlett, F. Pereira,
and K. Q. Weinberger, editors, Advances in Neural Information Processing Systems
24, pages 891–899. 2011.
23
[HKKA06] Elad Hazan, Adam Kalai, Satyen Kale, and Amit Agarwal. Logarithmic regret
algorithms for online convex optimization. In Learning Theory, 19th Annual Con-
ference on Learning Theory, COLT 2006, Pittsburgh, PA, USA, June 22-25, 2006,
Proceedings, pages 499–513, 2006.
[HKW95] David Haussler, Jyrki Kivinen, and Manfred K. Warmuth. Tight worst-case loss
bounds for predicting with expert advice. In EuroCOLT, pages 69–83, 1995.
[Koo13] Wouter M. Koolen. The pareto regret frontier. In Advances in Neural Information
Processing Systems 26: 27th Annual Conference on Neural Information Processing
Systems 2013. Proceedings of a meeting held December 5-8, 2013, Lake Tahoe,
Nevada, United States., pages 863–871, 2013.
[KP17] Anna Karlin and Yuval Peres. Game Theory, Alive. American Mathematical
Society, 2017.
[KSST08] Sham M. Kakade, Shai Shalev-Shwartz, and Ambuj Tewari. Efficient bandit al-
gorithms for online multiclass prediction. In Proceedings of the 25th International
Conference on Machine Learning, pages 440–447, 2008.
[LW94] Nick Littlestone and Manfred K. Warmuth. The weighted majority algorithm.
Information and Computation, 108(2):212–261, February 1994.
[MO14] H. Brendan McMahan and Francesco Orabona. Unconstrained online linear learn-
ing in hilbert spaces: Minimax algorithms and normal approximations. In Proceed-
ings of The 27th Conference on Learning Theory, COLT 2014, Barcelona, Spain,
June 13-15, 2014, pages 1020–1039, 2014.
[MRT12] Mehryar Mohri, Afshin Rostamizadeh, and Ameet Talwalkar. Foundations of Ma-
chine Learning. The MIT Press, 2012.
[MS10] Indraneel Mukherjee and Robert E. Schapire. Learning with continuous experts
using drifting games. Theor. Comput. Sci., 411(29-30):2670–2683, 2010.
[NRTV07] Noam Nisan, Tim Roughgarden, Eva Tardos, and Vijay Vazirani. Algorithmic
Game Theory. Cambridge University Press, (editors) 2007.
[Rob51] Julia Robinson. An iterative method of solving a game. The Annals of Mathemat-
ics, 54(2):296–301, 1951.
[RSS12] Alexander Rakhlin, Ohad Shamir, and Karthik Sridharan. Relax and random-
ize : From value to algorithms. In Advances in Neural Information Processing
Systems 25: 26th Annual Conference on Neural Information Processing Systems
2012. Proceedings of a meeting held December 3-6, 2012, Lake Tahoe, Nevada,
United States., pages 2150–2158, 2012.
[RST10] Alexander Rakhlin, Karthik Sridharan, and Ambuj Tewari. Online learning: Ran-
dom averages, combinatorial parameters, and learnability. In Advances in Neural
Information Processing Systems 23: 24th Annual Conference on Neural Informa-
tion Processing Systems 2010. Proceedings of a meeting held 6-9 December 2010,
Vancouver, British Columbia, Canada., pages 1984–1992, 2010.
[RST11] Alexander Rakhlin, Karthik Sridharan, and Ambuj Tewari. Online learning: Be-
yond regret. In COLT 2011 - The 24th Annual Conference on Learning Theory,
June 9-11, 2011, Budapest, Hungary, pages 559–594, 2011.
24
[SSBD14] Shai Shalev-Shwartz and Shai Ben-David. Understanding Machine Learning: From
Theory to Algorithms. Cambridge University Press, 2014.
[Vov90] Volodimir G. Vovk. Aggregating strategies. In Proceedings of the Third Annual
Workshop on Computational Learning Theory, COLT ’90, pages 371–386, 1990.
[You95] Neal E. Young. Randomized rounding without solving the linear program. In
Proceedings of the Sixth Annual ACM-SIAM Symposium on Discrete Algorithms,
pages 170–178, 1995.
[Zin03] Martin Zinkevich. Online convex programming and generalized infinitesimal gra-
dient ascent. In Machine Learning, Proceedings of the Twentieth International
Conference (ICML 2003), August 21-24, 2003, Washington, DC, USA, pages 928–
936, 2003.
25
A Values for the 2D problem
In this section we include the exact values of the function m(k, `) for b = 1 and k = 0 . . . 39,
` = 0 . . . 15.
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